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1. INTRODUCTION

The objective of this work is to derive the equations
of motion for J aggregates with taking into account
multiparticle contributions caused by different mech�
anisms by which molecules interact with each other
(dipole–dipole interactions, exciton–exciton annihi�
lation, etc.). These contributions describe not only the
interaction of any pair of molecules between each
other, but also the interaction of a given molecule
simultaneously with two, three, and greater number of
molecules. In general case, it is necessary to take into
account correlation effects between such molecules.
In this work, we restrict our consideration by two�par�
ticle correlations related to above�indicated interac�
tions of molecules and, in particular, to two�exciton
excitations of the system. A set of equations refined in
this way will be further used to study the hysteresis and
to calculate and analyze characteristics of dissipative
solitons that arise in these structures under resonant
laser excitation. Previously, such solitons have been
revealed in [1] (see also [2]) upon modeling of J aggre�

gates by a chain of N three�level molecules [3], how�
ever, without taking into account multiparticle effects.

In this work, we will also use the model of the
J aggregate in the form of a chain of three�level mole�
cules. This model assumes that, upon interaction with
an external radiation field, a transition from the
ground to the second level of the molecule prevails. As
a rule, the remaining radiative transitions can be
neglected. It is also assumed that frequencies of tran�
sitions from the ground level of the molecule to the
second level and from the second to the third level are
rather close between each other.

If there are no radiative transitions from the first
and second levels to the third one, this latter level is
pumped as a result of direct transfer of excitation
from one molecule to another that is located in the
neighboring site of the chain. In this process, one of
the molecules that resides on the second excited level
interacts with another molecule in the same state,
gives its energy to this molecule, and returns to the
ground state, whereas the molecule that received the
energy passes to the third level. It is assumed that the
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third level is vibronic in its nature and decays very
rapidly transferring its energy to the second and first
levels.

It is a distinctive feature of J aggregates that they
possess a collective (exciton) mechanism of excitation
by external radiation. This manifests itself in the fact
that the chain molecules under consideration have
one�exciton states with energies close to the energy of
the second excited level and two�exciton states with
energies that are close to the energy of the third level.
As a result, the mechanism by which the excitation is
transferred between neighboring molecules leads to
annihilation of the two�exciton state, which interacts
with a vibronic level of the molecule of a close energy
that decays very rapidly. In terms of one�particle
description, the decay of the two�exciton state is rep�
resented as annihilation of two one�exciton excita�
tions (one of them is the excitation to the ground state,
while another is the deexcitation to a higher�lying
molecular state with a short lifetime) [3–5].

The existence of the collective mechanism of exci�
tation of J aggregates leads to large values of their lin�
ear and nonlinear responses with subpicosecond tran�
sient times. Therefore, these structures can be very
promising for use in information processing [6], as
well as in laser technologies [7]. In [8, 3], the effect of
bistability in an individual J aggregate upon its reso�
nant excitation by laser radiation has been predicted
and studied theoretically. This effect indicates that this
structure can be used in schemes of molecular mem�
ory. In [9], the possibility of formation of dispersive
optical solitons in linear molecular aggregates based
on two�level molecules was demonstrated for the first
time. These solitons are nanosized structures, which
are localized almost within the region of a single mol�
ecule, which opens up possibilities for creating sub�
miniature memory cells.

Usually, J aggregates are described using a semi�
classical approach, in which a chain of molecules is
described by a system of Bloch equations for one�
particle density matrices. In this case, the interaction
between molecules is derived based on the classical
expression for the retarding interaction between a
system of dipoles by which molecules are modeled.
In addition, the above�mentioned interaction that
leads to exciton–exciton annihilation is also intro�
duced into the system (usually phenomenologically).
As a rule, in the system of equations obtained in this
way, only two�particle interactions are taken into
account, which are presented in the factorized form,
i.e., without taking into account correlations
between molecules.

However, as we will show below, the system of
equations for J aggregates can also be derived from first
principles. In this case, a hierarchy of mutually cou�
pled equations for the expectation values of products
of operators that refer to different molecules of the
chain arises. This system contains expectation values

beginning from one�particle and ending with N�parti�
cle expectation values (N is the number of molecules
in the chain, and ).

An important aspect of this problem is that the
third level of molecules is a system of a large number of
vibrational sublevels, interaction with which leads to
dissipation of energy and to irreversibility of the exci�
ton–exciton annihilation process. If this interaction is
correctly taken into account from the first principles,
the equations of motion will acquire a number of mul�
tiparticle contributions that describe the relaxation of
the system related to the exciton–exciton annihilation
but that, however, are absent in terms of the purely
phenomenological approach.

In this case, if we restrict ourselves to consider�
ation of the set of equations for only one�particle
averages and discard all the remaining ones, then
taking into account the interaction mentioned above
leads to the appearance in equations not only of
already known two�particle contributions, but also of
three�particle ones. By representing the expectation
values that correspond to these latter contributions in
the form of a product of one�particle averages, we
arrive at a refined system of Bloch equations, in
which the three�particle relaxation is also taken into
account. Analysis showed that, by virtue of particular
features of the considered system of molecules,
among obtained three�particle contributions, there
are contributions of the same order of magnitude as
that of the known two�particle contributions.

Finally, if in the initial hierarchical system of equa�
tions, we also take into account equations for two�par�
ticle averages, and all the remaining multiparticle
averages, we express via combinations of products of
one�particle and corresponding two�particle averages,
then we can take into account two�particle correla�
tions between molecules of the chain, which, among
other things, can also be related to two�exciton excita�
tions in this chain. This is precisely the final goal of our
derivation of the system of equations for the descrip�
tion of J aggregates.

In general case, taking into account the interac�
tion with a third level of molecules leads to the
appearance in equations of motion not only of three�
particle but also of four�particle relaxation terms. In
general, all these multiparticle relaxation terms have
the interference nature, which reflects the fact that a
transition to a given state can, as a rule, be realized
not by only one pathway, but, rather, by a combina�
tion of different pathways. A correct calculation of all
the multiparticle contributions mentioned above is
the most complicated and the most important part of
this work.

As was noted above, our work is devoted to the der�
ivation of equations of motion taking into account
two�particle correlations between molecules. In this
case, it is most difficult to calculate the above�men�
tioned multiparticle contributions caused by the exci�

1N �



408

OPTICS AND SPECTROSCOPY  Vol. 115  No. 3  2013

LEVINSKY et al.

ton–exciton annihilation mechanism. Since calcula�
tion and the analysis of these contributions are a rather
complicated and independent problem, the derivation
of equations of motion is naturally divided into two
stages. At the first stage (Section 2), we investigate the
evolution of the system without taking into account
the exciton–exciton annihilation mechanism; as a
consequence, we do not take into consideration the
interaction with a third level of molecules. Therefore,
at this stage, the system is considered to be quasi�two�
level. At the next stage (Section 3), we take into
account only the mechanism of exciton–exciton
annihilation and calculate relaxation terms that
describe the evolution of the system under the influ�
ence of this mechanism alone. In other words, we
assume that, in Section 3, relaxation terms can be cal�
culated irrespective of the influence of all the other
processes [10]. Clearly, the total system of equations is
the sum of contributions from the second and third
sections of this work.

2. DERIVATION OF EQUATIONS OF MOTION 
WITHOUT TAKING INTO ACCOUNT

THE MECHANISM OF EXCITON–EXCITON 
ANNIHILATION

2.1. Definitions for States of Molecules and Operators

Consider a linear chain that consists of N three�
level molecules. As was mentioned above, this chain
can be used to model J aggregates. We will assume that
the lowest state of each molecule is determined by the
state vector  or , and the energy of this state is .
Correspondingly, the second state will be determined
by the state vector  or  with energy . Finally, the
third state will be determined by the state vector  or

 with energy . It is clear that .

For the energy levels, there is also another set of
designations, which will be used in the text—namely,

, E2 = , and . State vectors ,
, and  will correspond to a molecule that is

located at  site m of the chain. Using these vectors, we
can construct the following operators of creation and
annihilation for each molecule, which are projection
operators onto the corresponding states of the mole�
cule:  =  is the operator that describes the
annihilation of an excitation in molecule m at the level
“e” and its transition to the ground state , and,

also,  =  is the operator that describes the
creation of an excitation in molecule m to the level
“e.”

According to the same principle, we will also define

the following operators:  = ,  =

,  = , and  = .

g 1 1E

e 2 2E
f

3 3E 3 2 1E E E> >

1 gE E= eE 3 fE E= mg
me mf

mB mg me

mg

mB + me mg

mC mg mf mC +

mf mg mD me mf mD + mf me

Let us also define the operators of the number of
molecules , , and  in states , , and

, respectively:

(1)

It is clear that all operators that refer to different
molecules commute with each other. Concerning def�
initions and notation, see also [11, 12].

2.2. The Total Hamiltonian of the System

The total Hamiltonian of the system is combined
from the Hamiltonian of free molecules and the
Hamiltonians of the interaction of molecules with an
external field and with each other. In particular, this
Hamiltonian also involves the interaction that leads to
the exciton–exciton annihilation.

The Hamiltonian of free molecules has the form

(2)

The Hamiltonian of the interaction with an exter�
nal electromagnetic field with frequency  can be
represented as

. (3)

Here, the external field is defined by the formula  =
 + , while Hamiltonian (3) itself

represents the interaction of this field with the polar�
ization vector Р of the system of molecules:  =

. This interaction is taken into account in the

rotation field approximation. In this case,  is the
dipole moment of the molecule for transition .

The interaction between molecules includes the
dipole–dipole interaction and the interaction via a
transverse radiation field of molecules. For the Hamil�
tonian that describes the former of these interactions
(dipole–dipole), the following expression can be
obtained [8, 11–14]:

. (4)

The first term in (4) describes the annihilation of
the state  of molecule n and the creation of the state

 for molecule m, and the second term describes a
similar effect but with the replacement of n by m and
vice versa.

mgN meN mfN mg me
mf

= = ,

= = ,

= = ,

= 1.

mg m m

me m m

mf m m

mg me mf

N B B mg me me mg mg mg
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N C C mf mg mg mf mf mf

N N N

+

+

+

=

=

=

+ +

free
1= ( )
2

( ) ( ) .
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12ν

( )el H.c.]12
1 1 12

1= ( )[ exp( )
2

m

m

H t B E i t+

− − ν +∑ eµ

E

1 1 12[ exp( )E i t− νe c.с. /] 2

( )elH t
−PE

12
µ

1 2→

*
int

1= ( )
2
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The interaction between molecules via the trans�
verse radiation field will be taken into account later
directly in equations of motion. Finally, concerning
the interaction Hamiltonian that leads to the exciton–
exciton annihilation, we will denote it as . The
explicit form of this Hamiltonian and taking into
account its contribution to equations of motion will be
considered in the third section of the work.

Based on the aforesaid, the complete Hamiltonian
of the system can be represented as a sum of two
Hamiltonians , where  has the form

. (5)

In fact, Hamiltonian (5) describes transitions only
between the first and second levels of molecules, since
the interaction with the third level arises only upon
taking into account . For particular calculations,
it is convenient to replace  in (5) with its truncated
form if we set  and take into account
that all the interaction Hamiltonians, including

, do not depend on the operators  and .
Then,  can be represented as

, (6)

where  and . In
this part of the work, upon the derivation of equations
of motion, we will use only Hamiltonian H(t), or,
more exactly, its stationary version H, which will be
obtained in the next section.

2.3. Equations of Motion for Operators of the System

Having known the Hamiltonian of the system, one
can derive equations of motion for an arbitrary opera�
tor A of the system. Such an equation of motion has
the form

. (7)

Let us eliminate the explicit dependence on time
from H(t). For this purpose, instead of the operators
Bm, we should introduce new operators

 (see Eq. (3)). In this case, in order
to preserve the independence on time of the Hamilto�
nian , we should also introduce the operator

 instead of Dm. Based on (7), we can
obtain the following equations of motion for operators
bm and dm:

(8)

annihH

annih( )H t H+ ( )H t

free el int( ) = ( )H t H H t H+ +

annihH

freeH

1 0m mgE E≡ =

annihH mC mC +

freeH

free 12 13( )m m m m m m

m

H B B D D+ +

= ω + ω∑ � �

12 2 1m m mE Eω = −� 13 3 1m m mE Eω = −�

( )[ ]/ /= ,dA dt i H t A �

( )12expm mb B i t= ν

annihH
( )12expm md D i t= ν

( )[ ]

( )[ ]

/ /

/ /
12

12

= , ,

= , .
m m m

m m m

db dt i b i H t b

dd dt d i H t d

ν +

ν +

�

�

It can be shown that frequency shifts in these equa�
tions are a result of the application of the following
operation to the operators bm and dm:

(9)

where

. (10)

By substituting (9) into (8) and replacing the oper�

ators Bm and Dm (and, correspondingly,  and ) in

H(t) by  and , we finally obtain the follow�
ing equations of motion:

(11)

Here, H denotes the stationary operator of the follow�
ing form:

(12)

As a result of the replacement of operators per�
formed above, the Hamiltonian Hel(t) ceases to explic�
itly depend on time and will be further denoted as Hel,
while operator  (6) is transformed into a new
operator, which we will denote as H0:

(13)

In this case, the designations for the operators 
and  remain unchanged.

It is rather evident that the passage from the opera�
tors Bm, Dm, and Сm to the operators bm, dm, and сm is
equivalent to a certain unitary transformation

. From the aforesaid, we can easily verify
that

. (14)

According to the accepted notations, we finally
obtain the following expression for operator H:

. (15)

Precisely this stationary operator will determine
the evolution of the system in this section.

For a quasi�two�level system, which is described by
operator (15), the most important one�particle opera�
tors that determine the behavior of the system are bm,
Nme, and Nmg (m = 1, 2, …, N). Using (15), one can
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show that the system of equations for these operators
can be represented in the following form (see (11)):

(16)

(17)

(18)

Here, we assume that, in equations, , and
. It should also be noted that

. (19)
This relation follows from the hermiticity of the

operator Hint (see (4)).

2.4. Equations of Motion for Averages of Operators

In what follows, we will be mainly interested in
equations for the expectation values of operators,
which are obtained by averaging of the latter over the
time�independent density matrix of the system .
Then, the expectation value  of the operator A will
be defined by the expression . By averag�
ing Eqs. (16) and (17) in this way, we obtain the follow�
ing system of equations for  and :

(20)

(21)

In this case, using relation Nmg +  = 1, we
eliminate Nmg from consideration here and below by
expressing it in terms of Nme and Nmf. Since the equa�
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tion for  will be obtained only in the third section
of this work, the system of equations for one�particle
averages in this section is reduced to merely equations
for  and .

It can be easily verified that these equations contain
expressions for two�particle averages, such as ,

, etc. It is clear that equations of motion for
these expressions should also be derived. Thus, e.g.,
for , the following equation can be obtained:

(22)

In turn, this equation contains expressions for two�

particle averages, such as , , ,

etc., as well as expressions for three�particle averages.
It is also necessary to derive equations for them. This
procedure could be continued further.

In order to close this system and to operate on a
finite number of equations, the factorization method
can be applied. A simplest case of the use of factoriza�
tion is that two�particle averages in equations for one�
particle averages are replaced by a product of one�par�
ticle averages. As a result, we obtain a closed system of
equations, in terms of which a soliton was previously
revealed in [1].

Taking into account two�particle correlations
requires preserving equations for two�particle aver�
ages. In this case, there arises the problem choosing
the basis system of averages, which determine the
behavior of the system. This system contains both
one� and two�particle averages. As soon as this system
is defined, all remaining multiparticle averages in
equations of motion are factorized into different prod�
ucts of basis averages. As a result, we can obtain a
closed system of equations for one� and two�particle
averages. In this work, we used the quantities ,

, and , as well as the quantities ,
, and  , which, in particular, can

be related with two�exciton excitations of the system.
Corresponding complex conjugate quantities should
also be included in this set. In this case, the quantity

 is proportional to the dipole moment of the mol�
ecule upon transition ; the quantities  and

 determine the populations of the second and
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third levels of the molecule;  can be associ�
ated with the population of two�exciton states, and so
on.

It follows from the aforesaid that, it is also neces�
sary to add equations for  and  to
Eqs. (20), (21), and (22). It can be shown that the
equations for these two�particle averages have the fol�
lowing form:

(23)

(24)

Equations (20)–(24) take into account the interac�
tion of molecules with an external radiation field, as
well as the dipole–dipole interaction between mole�
cules.

Expectation values like ,  have not been
included into the basis system of averages considered
above. These averages describe intermolecular inter�
actions, which can be associated with the excitation of
one�exciton states. Following [14], we describe these
averages as products of one�particle averages (see also
[11, 15]).

Concerning correlations related to three�particle
processes, they are corrections of higher orders of
smallness and are not taken into account in this study.

The next stage of the derivation of equations of
motion deals with taking into account the interaction
of molecules via the transverse radiation field and with
the factorization of these equations.
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2.5. Taking into Account the Interaction of Molecules
via a Transverse Field of Their Radiation 
and Factorization of Equations of Motion

In order to further generalize the obtained system
of equations, we take into account interactions of mol�
ecules via the transverse field of their radiation. It can
be shown that, for an arbitrary operator Q of the sys�
tem under consideration, an equation that takes into
account this interaction has the form [16]

. (25)

By successively substituting operators bm, Nm,
Nmbn, bmbn, and NmeNne into (25), we obtain a system
of equations, the right�hand sides of which describe
the evolution of these operators due to the interaction
of molecules with the field of their radiation. After the
averaging the obtained equations, their right�hand
sides should be added to the corresponding right�hand
sides of Eqs. (20)–(24).

The matrix  in (25) is the imaginary part of the
complex matrix , which has previously been
obtained in [8]. This latter matrix can be interpreted as
a matrix that describes the intermolecular retarding
interaction in a chain of molecules, with the matrix

 describing the interaction via the transverse field.
Explicit expressions for the matrices  and  have
been obtained in [8], and this expression for  has
the form

(26)

Here, a is the distance between neighboring molecules
of the chain of N molecules, θ is the angle between the

dipole moment  and the axis of the chain, and
. In the particular case of aggregates with

the chain length  (λ is the wavelength of
the radiation),  has the form

, (27)

where  is the radiation damping constant of an iso�
lated molecule. In turn, the real part  of the com�
plex matrix can be related to constants of the dipole–
dipole interaction between molecules. This relation
can be represented in the following form [3, 8, 14]:

. (28)

If the chain length is much shorter than the wave�
length,  is reduced to the expression

(29)
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where . It can be seen from (29) that 
describes the ordinary dipole–dipole interaction. Tak�
ing into account the interaction via the transverse field
in equations for averages leads to taking into account
the radiation damping of molecules. Analysis shows
that, in the right�hand side of the equation for , a
term  arises, while, in the right�hand side of the
equation for , a term  appears. These
terms can be interpreted as the transverse and longitu�
dinal relaxation constants, respectively, which are
obliged for their origin to the interaction with the radi�
ation field. It follows from (29) that these constants do
not depend on the number m. In reality, longitudinal
and transverse relaxations are caused not only by the
radiation field, but also by intramolecular processes.
Therefore, it is reasonable to generalize the expres�
sions for the constants considered above by introduc�
ing effective quantities that take into account these
processes. We will do this phenomenologically by
introducing into the equation for  the quantity 
instead of  and by introducing into the equation for

 the quantity  instead of . We will also do
the same with the constants in the equations for two�
particle averages. These constants will also be
expressed in terms of  and . Implementation of all
the transformations that were referred to in this sec�
tion yields a system of equations, which, along with
one�particle averages, also contains averages of prod�
ucts of two and three operators that refer to different
particles. In order to close the obtained system, it is
necessary to express these averages in terms of the basis
quantities listed in the preceding section by means of
the factorization operation. Upon performing the fac�
torization, it is necessary first of all to take into
account a fast decay of the third level. This immedi�
ately makes it possible to factorize averages that con�
tain the operators Nmf, сm, and dm. Therefore, averages,
e.g., of the form , can be represented as a prod�
uct . We also noted that two�particle averages

of the form  should also be factorized, since they
are not included in the list of basis averages (see
above). The situation regarding factorization of three�
particle averages is more complicated, since, generally
speaking, this operation is not unambiguous. In this
work, we used a standard expression for representation
of arbitrary three�particle averages in the factorized
form. This expression is as follows (see also [15]):

(30)

It can be easily seen that, if the distance between
any pair of particles in this average is fixed and the
remainder is moved to a considerably longer distance,
we will always obtain a correct asymptotic expression
for the factorized average. If all the particles are sepa�
rated to a long distance, then (30) also yields a correct
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asymptotic expression in the form of a product of one�
particle averages. The meaning of representation (30)
becomes evident if the expression  is
added to and subtracted from its right�hand side.
Then, (30) can be represented as

(31)

where

(32)

Therefore, expression (30) is a sum of a completely
factorized average and three terms that take into
account all the possible two�particle correlation cor�
rections. Physically and mathematically, this repre�
sentation is quite justified. However, the use of (30)
requires taking into account certain peculiarities that
are related to the choice of initial basis averages. As an

example, we consider the expectation value .
If we factorize it according to (30), then the term

 arises, which is not contained in the set of basis
two�particle averages and which, therefore, should be
factorized. Then, however, this term will be automati�
cally cancelled and, as a result, we obtain the following

representation for :

(33)

Reasoning in the same way upon factorization of

the expectation value of the form , we obtain

. (34)

Upon derivation of equations of motion, along
with three�particle expectation values, four�particle
expectation values also arise (in the third section of the
work), which should also be represented in the factor�
ized form. In this case, among these averages of the
product of four operators, there are averages in which
one of the operators is the operator . According to
the aforesaid (see Sect. 2.4),  should be replaced
by  and only averages with  and 
should be considered as four�particle expectation val�
ues that are subjected to factorization. Taking into
account, as before, only two�particle correlations, we
can easily show that, in turn, there is a factorized
expression for four�particle expectation values, which
is an analog of expression (30):
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Here, . In this case, it can be easily veri�
fied that (35) has the proper asymptotic behavior with
increasing distance between individual molecules.
Similarly to (32), formula (35) can be expressed via
correlations,

(36)

Here, expressions of the type  have the same
meaning as in (32). It is seen from (36) that this
expression is a sum of the completely factorized aver�
age and all the possible two�particle correlation cor�
rections of the first and second orders in these correc�
tions. It should be noted that, similarly to cases (33)
and (34), expressions (35) and (36) also have their
peculiarities that are related to the choice of basis aver�
ages. These peculiarities will be taken into account
upon uncoupling particular four�particle expectation
values. All that has been said above makes it possible to
completely unambiguously factorize averages and
obtain a closed set of equations of motion.

Completing the derivation of equations of motion
in this part of the work, let us formulate them in terms

of a local field. The local field  is the field that acts
on a molecule with the number m from the side of the
external field and from the side of all the remaining
molecules. We will define this field by the following
expression:

. (37)

Introduction of local fields makes it possible to sin�
gle out in the explicit form principal terms and corre�
lation corrections that arise upon uncoupling multi�
particle averages.

Taking into account all the aforesaid, we obtain a
factorized system of equations that was derived with
allowance for interaction with the external radiation
field and the dipole–dipole interaction, as well as the
interaction with the transverse radiation field of mole�
cules,

(38)
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Here,  (to distinguish from ), and
 denotes the replacement of m by n and vice

versa. The contribution to the equations related to tak�
ing into account the exciton–exciton interaction will
be obtained in the next part of the work.
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3. TAKING INTO ACCOUNT THE EXCITON–
EXCITON ANNIHILATION

3.1. Formulation of the Problem

In this section, we take into account the mecha�
nism of exciton–exciton annihilation, which ensures
the interaction with a third level of molecules, and
obtain an equation for the population of this level,
which is described by the quantity . In this
equation, we also phenomenologically take into
account the decay of the third level due to transitions
to the first and second levels, which will be done by
introducing the relaxation constants Γ31 and Γ32,
respectively. The sum of these constants will be
denoted as Γ = Γ31 + Γ32. Taking into account the
exciton–exciton annihilation leads to the appearance
of contributions of this process to all the previously
derived equations of motion of the system. The calcu�
lation of these contributions and final formulation of
equations is the main task of this part of our work.
These calculations are rather cumbersome; therefore,
here, we restrict ourselves mainly to the consideration
of the approach to solve this problem.

Previously, upper level f of the molecule in the sys�
tem of three�level molecules was considered as a single
level. However, this level is vibronic, and, to correctly
perform calculations at this stage of the work, we
should take into account its structure. We will assume
that upper level f consists of a series of sublevels ν,
which correspond to different vibrational states and
which are characterized by density of states  =

 necessary for calculations of the prob�

ability of transitions. As a result, the operators  and
 (see Section 2.1), which describe transitions

between the first and third levels and between the sec�
ond and third levels, respectively, will now also depend
on  and will be defined 

(43)

The contribution of the process of exciton–exci�
ton annihilation to the total Hamiltonian will be
described by the Hamiltonian , which has the
form

. (44)

Here, we assume that matrix elements  depend
weakly on  and, therefore, this dependence is
neglected in (44); however, for detunings  and

, it certainly should be taken into account. There�
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fore, operator H0 (13) should also be revised, which
will be now written in a more general form

(45)

3.2. Calculation of Contributions to Equations
of Motion Caused by Exciton–Exciton Annihilation

In the general form, the contribution to the equa�
tion of motion that is related to exciton–exciton anni�
hilation is described by the equation

, (46)

where A is an arbitrary operator of the system. In order
to clarify the essence of the approach that is used in
calculations of these contributions, let us consider very
briefly the simplest example of calculation of the con�
tribution from the exciton–exciton annihilation to the
equation for . To this end, let us consider the
commutator  in formula (46),

(47)

For terms in (47) for which all the indices are dif�
ferent, the commutator is obviously zero. Therefore,
only terms for which some indices coincide can make
nonzero contributions to the sum. It can be easily ver�
ified that there are only two such combinations: ,

 and . Taking these indices and
substituting explicit expressions for operators that
were determined in Section 2.1, the equation for 
can be reduced to the following form:
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As above, commutator (50) is nonzero only if some
indices coincide. It can be shown that there are six
combinations with coinciding indices,

(51)

Calculating these combinations by substituting the
explicit expressions for operators, we arrive at the
expression for the commutator into the sum in (50),

. (52)

Because the third level rapidly decays, we neglect

the terms that contain the operators , ,
and, naturally, .

Based on the explicit form of operators, we can also

calculate the commutator , . As a result,
we obtain

, (53)

where , , . The cal�
culations performed lead to the following equation for

the average of the operator :

(54)

Formal integration of this equation makes it possi�
ble to obtain the following solution:
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where , , and P denotes the
principal value of the integral, which arises further
upon replacement of the summation over  by the
integration. Averaging (48), we can easily find that all
the remaining expectation values in this equation can
be simply calculated merely by permutating subscripts
in expression (56) and taking the complex conjugate of
it. Having done this and substituting the obtained
expressions into (48), we finally arrive at the following
equation for :

(57)

where the constants , , and  have the
following form:

(58)

. (59)

The constant  coincides with the same constant
that, in particular, appears in [4].

A procedure that is similar to that described above
is also applied for the calculation of contributions
from the exciton–exciton annihilation to all the
remaining equations of the system under consider�
ation. It should be noted that the calculation of contri�
butions to the equations for two�particle expectation
values become even more bulky. The calculations per�
formed yielded the following system of equations, in
which we also took into account the decay of the third
level:
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3.3. Equations of Motion in Factorized Form

In the preceding section, we obtained the system of
equations that describes the contribution to the total
system of equations of motion that is caused by the
exciton–exciton annihilation. This system contains
multiparticle expectation values, which should be rep�
resented in a factorized form in order to obtain a
closed system of equations of motion. Clearly, as a
result of this factorization, the multiparticle expecta�
tion values mentioned above should be in the form of
combinations of products of one� and two�particle
expectation values that belong to the basic system of
the expectation values, which was constructed previ�
ously in the second section of this work. Following the
rules of factorization that we introduced in this sec�
tion, we finally obtain the following system of equa�
tions of motion:
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Upon numerical solution of the above�presented sys�
tem of equations, we will approximately assume that
all the quantities of form Δpqqs are zero. We also assume
that quantities Γpqqs, which are expressed in terms of
matrix elements of the exciton–exciton interaction,
are nonzero only for the interaction with nearest
neighbors, when  =  = 1 , and
the quantities  =  are nonzero when  =
1. We will also assume that all the quantities Γpqqs are
real�valued. By virtue of what has been, expressions
for Γpqqs used in equations have the following form:

(i) ,

Here, m → n denotes the replacement of m by n and
δpq is the Kronecker symbol.

(ii) , , 

The expression  denotes the replacement of
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Clearly, the total system of equations is obtained by
combining Eqs. (38)–(42) from the second section
and Eqs. (66)–(71) presented above. Because this total
system is extremely cumbersome, we omit the com�
bined version.

Therefore, in this work, we have obtained from first
principles a closed system of equations of motion for
molecular J aggregates in the form of a chain of three�
level molecules, in which we took into account two�
particle correlations between molecules of the chain.
The system of equations refined in this way can be used
to study the hysteresis and various nonlinear effects, as
well as for calculation and analysis of characteristics of
dissipative molecular solitons.
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